Abstract. We provide a generalization of an algebraic linear combination for the trace of certain elliptic modular forms, and through specializing the expression at a suitable pair consisting of an elliptic curve over algebraic number fields and its a certain cyclic subgroup with finite order, show a formula between distinct algebraic number fields, the one related to modular forms and the other related to elliptic curves.
Introduction
It is classically known that elliptic modular functions play interesting roles in number theory such as some important results for algebraic number fields are explicitly described by using these special values. Similarly for elliptic modular forms, its an application to number theory is mentioned as below.
First let us explain necessary terms in brief. Every element α of a subgroup GL + 2 (R) of GL 2 (R) consisting of all matrices with positive determinant, acts on a meromorphic function h on the complex upper half plane H as follows:
where m is an integer, by α z we mean the linear fractional transformation on H, and put the factor of automorphy as j(α, z) = (cz + d) −1 for the second row (c, d) of α. Let k, l and N be positive integers and always assume N so throughout the present paper. We deal with a discrete group defined by
Then S k (Γ 0 (N )) and G k (Γ 0 (N )) denote the C-linear spaces consisting of all cusp forms and holomorphic modular forms of weight k for Γ 0 (N ), respectively, and S k (Γ 0 (N )) is furnished with the Petersson inner product * , * .
for any f ∈ S k (Γ 0 (N )) and positive divisor M of N , we consider the trace of f to level M defined by
and for a positive integer λ with λ > 2, take the following Eisenstein series
where Γ ∞ is a subgroup of Γ 0 (N ) consisting of all elements fixing the point at infinity, namely
for any f ∈ S k (Γ 0 (N )) and g ∈ G l (Γ 0 (N )), the associated zeta function is given by the series
c n (f )c n (g)n −s for any s ∈ C, where c n (f ) and c n (g) are the n-th Fourier coefficient of f and g, respectively.
Then the starting point of the paper is the following.
Theorem 1.1 (cf. [DHM, Theorem] ). Let k, l, λ and µ be positive integers with k = l + λ and λ > 2. for any g ∈ S l (Γ 0 (N )), we have
where c 1 = 3 · 4 −(kµ−1) (kµ − 2)! and {f 1 , · · · , f r } is a unique basis of S kµ (SL 2 (Z)) consisting of primitive forms.
When we take the above g as all the Fourier coefficients belong to Q, by [Sh76, Theorem 3] see that each coefficient of the right-hand side of the equation (1) belongs to the Hecke field Q f i that is the algebraic number field generated by adding all coefficients of f i to Q. That is, the equation (1) is a linear combination with algebraic coefficients for the trace of modular forms to level 1.
On the other hand, the transformation polynomial for gE λ,N ∈ S k (Γ 0 (N )) to level 1 is defined by
is the index of Γ 0 (N ) in SL 2 (Z), and the coefficient s i (gE λ,N ) is the elementary symmetric polynomial of degree i with respect to {gE λ,N | k γ ; γ ∈ Γ 0 (N )\SL 2 (Z)}; it belongs to S ki (SL 2 (Z)). Let E Q be an elliptic curve over Q given by a Weierstrass equation and C/L the corresponding complex torus with L = Zω 1 + Zω 2 and ω 1 /ω 2 ∈ H.
Then we define the specialization of f ∈ S kµ (SL 2 (Z)) and Φ N 1 (X; gE λ,N ) at E Q as follows:
As it will see later, the specialized polynomial Φ N 1 (X; gE λ,N , E Q ) belongs to Q[X] and we may choose g, E Q as it is irreducible over Q (cf. Remarks 4.4 and 4.8). Moreover, we assume that S kµ (SL 2 (Z)) is spaned by all Aut(C)-conjugates of an element f of {f 1 , · · · , f r }. Then it was suggested by [DHM] that a nontrivial equality between distinct algebraic number fields is obtained by specializing the equation (1) at E Q :
where Q N is an algebraic number field associated with the J-invariant of E Q , namely
. We may interpret the formula (2) as an equation which bridges the gap between the fields Q N related to elliptic curves and Q f related to modular forms via the trace to Q, where note that Q N is independent of µ, although Q f depends on it. Meanwhile, by the equations (1) and (2), we see that all coefficients of the transformation polynomial Φ N 1 (X; gE λ,N ) and its specialization Φ N 1 (X; gE λ,N , E Q ) are expressed by using the special values of the associated zeta functions. Now, an aim of the paper is to show a generalization of the equation (1) to the case of the trace of cusp forms with a Dirichlet character to higher levels (cf. Theorem 3.1). This objective is achieved by using the constant of each space of cusp forms uniquely determined by applying Atkin-Lehner theory. Another aim is to generalize the formula (2) as application of our result (cf. Corollary 4.6), and to derive the formula (2) as a special case (cf. Corollary 4.10). In more detail, for modular forms with a Dirichlet character and suitable algebraic Fourier coefficients, we obtain a near formula to the formula (2) by specializing the generalized equation at a pair consisting of an elliptic curve over the algebraic number fields and its a certain cyclic subgroup with finite order.
Notation. We mean i as √ −1, and denote by z, |z|, Re(z) and Im(z) the complex conjugate, the absolute value, the real part and the imaginary part of a complex number z, respectively. For two positive integers M and N , the relation M | N means that M divides N . For two number fields F and K, we denote the composite field of F and K by F K.
Preliminaries
Let k, l be positive integers and χ, ψ Dirichlet characters modulo N . Then S k (Γ 0 (N ), χ) and G k (Γ 0 (N ), χ) denote the C-linear spaces consisiting of all cusp forms and holomorphic modular forms with χ of weight k for Γ 0 (N ), respectively, that is, those every element g(z) satisfies the following condition:
As basic rules, by χψ and χ we denote χψ(γ) = χ(γ)ψ(γ) and χ(γ) = χ(γ) for any γ ∈ Γ 0 (N ), then note that χχ is trivial (i.e. χχ(γ) = 1).
, whose Fourier expansions written as follows:
The associated Rankin-Selberg zeta function is defined by
For any integer λ and complex number s, we define the following series
If λ, s satisfy λ + Re(2s) > 2, the series absolutely and uniformly converges on H. In particular, E λ,N (z, 0, χ) with λ > 2 belongs to G λ (Γ 0 (N ), χ) and is called the Eisensten series. We simply denote E λ,N (z, 0, χ) by E λ,N,χ (z), furthermore E λ,N (z) whenever χ is trivial. We put f ρ (z) = f (−z). Then it is easy to see that f ρ belongs to S k (Γ 0 (N ), χ) and its Fourier coefficient is expressed by c n (f ) for any positive integer n. These notions are mutually connected on the following.
Lemma 2.1. Let k, l be positive integers. for any f ∈ S k (Γ 0 (N ), χ) and g ∈ S l (Γ 0 (N ), ψ), the zeta function D(s, f, g) is expressed by an integral:
where dv(z) is a GL + 2 (R)-invariant measure on H defined by dv(z) = y −2 dxdy for all z = x + i y ∈ H and Γ is the gamma function.
Proof. Since f ρ and g are holomorphic on H, these Fourier expansions are termwise integrable for x from 0 to 1. Hence we have
For any s ∈ C and t ∈ R with t > 1, the series ∞ n=1 c n (f )c n (g)y s−1 exp(−4πny) absolutely and uniformly converges on t −1 ≤ y ≤ t. Therefore we have
After a simple change of variable, by taking t to ∞, we have the following
Furthermore, by the disjoint partition
, the left-side hand of the above equation is transformed as follows:
This completes the proof.
Let f , g be elements of S k (Γ 0 (N ), χ). The following gives a complex inner product on S k (Γ 0 (N ), χ) and is referred to as the Petersson inner product:
Remark 2.2. On Lemma 2.1, suppose that
Let t be a positive integer. We deal with two linear operators as follows:
We define the subspace of S k (Γ 0 (N ), χ) consisting of oldforms by
where c χ is the conductor of χ, and then the subspace of newforms is defined as its orthogonal complement with respect to the Petersson inner product:
Definition 2.3. Let M a positive divisor of N and χ a Dirichlet character modulo M . The following linear operator descending the levels of modular forms is called the trace operator:
For any positive integer L with M | L | N , it is easy to see that
, that is, the trace operator is independent of the choice of intermediate level.
The following two Lemmas are elementary, especially the latter gives the characterization of newforms in terms of the trace operator. 
is a primitive form or primitive at level N if it is normalized as c 1 (f ) = 1 and is a Hecke eigenform, namely f is a common eigenfunction with respect to all Hecke operators T (n) for any positive integer n. As is well-known, S k (Γ 0 (N ), χ) has a basis consisting of Hecke eigenforms outside N (i.e. those are Hecke eigenforms for any positive integer n with gcd(n,N )=1), and moreover S new k (Γ 0 (N ), χ) has a unique basis consisting of primitive forms. Meanwhile, if two nonzero Hecke eigenforms outside N of S new k (Γ 0 (N ), χ) have the same eigenvalues, they are equal without a constant multiple. This statement is said to the multiplicity one property of newforms. More elaborately, the following assertion holds: Proposition 2.6 (Strong Multiplicity One Theorem). We define a subset of S k (Γ 0 (N ), χ) as follows:
Proof. See [Mi06, Lemmas 4.6.2, 4.6.9 and Theorems 4.6.13, 4.6.19].
Remark 2.7. On the above Proposition, especially if χ is a primitive character modulo 
Main theorem
Theorem 3.1. Let k, l, λ and µ be positive integers with k = l+λ and λ > 2. Suppose that the conductor of S kµ (Γ 0 (N )) is C. For any g ∈ S l (Γ 0 (N ), χ) and positive integer M with M | C and gcd(M, N/C) = 1, we have Proof. We first show Tr
. For simplicity of description, put f = (gE λ,N,χ ) µ ∈ S kµ (Γ 0 (N )). Then f is expressed as f = r i=1 c i g i for some c i ∈ C by a basis {g 1 , . . . , g r } of S kµ (Γ 0 (N )) consisting of Hecke eigenforms outside N . For each g i with 1 ≤ i ≤ r, it follows from Proposition 2.6 that there exist the conductor C i of g i and the equivalent primitive form g
for some c ′ t ∈ C, and by the supposition C = gcd(C 1 , . . . , C r ). Therefore, for any prime divisor q of M ,
Here the very last equality follows from Lemma 2.5, and Lemma 2.4 by gcd(t, q) = 1 since gcd(M, N/C i ) is a divisor of gcd(M, N/C) = 1, namely
Similarly the following calculation holds:
Again by Lemma 2.5, we obtain Tr
Secondly we express the above c ′′ i in terms of the Petersson inner product. For any positive integer n with gcd(n, N ) = 1, the Hecke operator T (n) acting on S kµ (Γ 0 (M )) is a self-adjoint operator with respect to the inner product. Therefore, for any j with 1 ≤ j ≤ d we have
Here if i = j, then c n (f j ) = c n (f j ). As mentioned above, the n-th Fourier coefficient of f ρ j = f j (−z) is equal to c n (f j ). Since f j is primitive at level M , it is obvious that f ρ j belongs to S new kµ (Γ 0 (M )) and c 1 (f ρ j ) = 1. Hence we have f j = f ρ j by Proposition 2.6. If i = j, we conclude that f i , f j = 0 since f i = f j . As a result, by multiplying (4) by f j , (5) c
Finally we express Tr
Here the very last equality is due to the disjoint partition
and replacing γ z by z. On the other hand, by Lemma 2.1 for s = kµ − 1,
where note that Remark 3.2. On the above proof, note that it was shown that Q f i is contained in R for any i with 1 ≤ i ≤ d.
Remark 3.3. The weight k is substantially more than 4 and even. The reason why is that λ is more than 2 and any modular form with the trivial character of odd weight for Γ 0 (N ) is 0 only.
Application
In this section, we show a generalization of the formula (2) as an application of Theorem 3.1, furthermore by adding a certain assumption, derive the formula (2) from the generalized formula. We first introduce required knowledge from theory of elliptic curves over number fields.
Let K be an algebraic number field not algebraically closed and satisfying K ∩ R = Q, and E K an elliptic curve over K defined by the Weierstrass equation
where the coefficients a 1 , . . . , a 6 ∈ K. We regard E K as furnished with the point at infinity. By the change of variables X = x + a 2 1 + 4a 2 12 and Y = 2y + a 1 x + a 3 , the corresponding Weierstrass canonical form is
Here, there are relations among the coefficients of E K and E as follows:
2 + 4a 6 ). Note that g 2 , g 3 ∈ K with g 3 2 − 27g 2 3 = 0, and these are uniquely determined by E K . Hence from the beginning, we may assume that E K is given by a Weierstrass canonical form. Now the J-function is defined by
Let L be a lattice of C, namely L = Zω 1 + Zω 2 with ω 1 /ω 2 ∈ H. We put
2 g 3 (ω 1 /ω 2 ). Since the J-function is a bijection from SL 2 (Z)\H to C, for g 2 , g 3 ∈ K with g 3 2 − 27g 2 3 = 0, there exists a lattice L such that g 2 (L) = g 2 and g 3 (L) = g 3 . In other words, for an elliptic curve E over K defined by a Weierstrass canonical form, there exists a lattice L such that E = E L , where
for any z ∈ C, which induces the analytic group-isomorphism
where the base point 0 corresponds to the point at infinity. As a result, we see that for a given elliptic curve E K , there is a lattice L = Zω 1 + Zω 2 as E K ≃ C/L, and that
that is, the J-invariant of E K belongs to K.
Here we define the algebraic numeber field K N , which is a subfield of the field over K of N -division points of E K , by
Especially when N = 1, note that
Let us consider the specialization of modular forms for Γ 0 (M ) at a pair (E K , S M ); for any f ∈ G k (Γ 0 (M )) with a positive integer k, the value
is dependent on a pair (E K , S M ) only, that is, it is independent of the choice of bases (ω 1 , ω 2 ) and (ω 1 , ω 2 /M ) of L and L M . In fact, let (ω ′ 1 , ω ′ 2 ) and (ω ′ 1 , ω ′ 2 /M ) be another such bases. Then it immediately follows that t (ω ′ 1 , ω ′ 2 ) = γ t (ω 1 , ω 2 ) for some γ ∈ Γ 0 (M ). Therefore we conclude that
, where (ω ′ 1 , ω ′ 2 ) and (ω 1 , ω 2 ) are bases of the lattices corresponding E ′ K and E K respectively. Hence we have
where (c, d) is the second row of γ. That is, the value (2π/ω 2 ) k f (ω 1 /ω 2 ) is not uniquely determined for the equivalence class of a pair (E K , S M ).
On the other hand, the transformation polynomial for 
Especially when M = 1, we simply write f (E K ) instead of f ((E K , S 1 )) since it depends on E K only.
Let us take the following modular group
Then S k (Γ 1 (N )) and G k (Γ 1 (N )) are expressed as follows:
where χ runs over all Dirichlet characters modulo N . According to this fact, we see that a basis of S k (Γ 1 (N )) and G k (Γ 1 (N )) consists of the bases of all S k (Γ 0 (N ), χ) and G k (Γ 0 (N ), χ), respectively. The following Proposition assures the existence of a basis of S k (Γ 1 (N )) consisting of members with rational Fourier coefficients at ∞. Let S k (Γ 0 (N ), χ; K) and G k (Γ 0 (N ), χ; K) denote the K-linear subspace of S k (Γ 0 (N ), χ) and G k (Γ 0 (N ), χ) consisting of all elements with K-rational Fourier coefficients, respectively. For any even integer l with l ≥ 4, we may take the basis {h 1 , . . . , h d } of G l (SL 2 (Z); Q) as follows: let (a, b) be a unique pair of non-negative integers satisfing 4a + 6b = l − 12(d − 1). For any j with 1 ≤ j ≤ d, h j (z) = E 4,1 (z) a E 6,1 (z) b+2(d−j) (2π) −12 ∆(z) j−1
where it is obvious by difinition that c i (h j ) ∈ Q especially c i (h j ) = 1 or 0 for i = j − 1 or i < j − 1, respectively, and ∆ is the discriminant function
(1 − q n ) 24 .
At least, for not so large k, it is verified by calculations that this assertion holds true (cf. e.g. [FJ02] ). Now on Corollary 4.6, we have the formula (2) by putting w = 1 as follows:
Corollary 4.10. Let k, l, λ and µ be taken as Theorem 1.1. Suppose that g ∈ S l (Γ 0 (N ); Q) and E Q ≃ C/L with L = Zω 1 + Zω 2 satisfying the following condition:
(A) Φ N 1 (X; gE λ,N , E Q ) ∈ Q[X] is irreducible over Q. If Maeda's Conjecture holds true, then we have
where f is any element of P kµ (SL 2 (Z)).
